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Abstract
We find new supersymmetric solutions of the massive supergravity theory which
can be constructed by generalized Scherk-Schwarz dimensional reduction of eleven
dimensional supergravity, using the scaling symmetry of the equations of motion.
Firstly, we construct field configurations which solve the ten dimensional equations
of motion by reducing on the radial direction of Ricci-flat cones. Secondly, we will
extend this result to the supersymmetric case by performing a dimensional reduction
along the flow of a homothetic Killing vector which is the Euler vector of the cone
plus a boost.
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1 Introduction
In regular supergravities, the fields in the gauge multiplet are always massless. Massive
theories are continuous deformations of the regular ones in which the gauge transformations
and supersymmetries get extra dependence via a mass parameter m. Consequently, the
equations of motion get extra terms linear and quadratic in this parameter. Some of the
gauge fields (the Stu¨ckelberg fields) then can be gauged away, giving mass to other fields.
The prime example of these theories is Romans’ IIA supergravity [1]. Its role in string
theory was clarified after the discovery of D-branes [2]. It then became clear that this
supergravity is actually the low energy limit of string theory in the background of a D8-
brane. Such a brane solution was found in Romans’ theory [3, 4], and the mass parameter
was seen to be proportional to the charge of the D8.
It is a general property of massive supergravities that they admit domainwall solutions.
Therefore, they are relevant to e.g. the domainwall/CFT correspondence [5, 6] and the
Randall-Sundrum scenario [7, 8].
A less known massive IIA theory is the one constructed by Howe, Lambert and West
[9]. Although they constructed the theory by introducing a conformal spin connection,
it is believed [10] that the theory can also be constructed by performing a generalized
Scherk-Schwarz reduction [11] of the eleven dimensional equations of motion, using their
scaling symmetry. The resulting massive theory does not have an action and has got no
fundamental strings as the two-form potential (together with the dilaton) are Stu¨ckelberg
fields. It was noted that this theory admits a de Sitter solution [10]. As only few other
solutions are known [9, 12, 13, 17], it is the purpose of this paper to present a method of
constructing (supersymmetric) solutions to that theory, using cones of special holonomy.
The plan of the paper is as follows. In section 2 we briefly remind how the massive the-
ory can be constructed using generalised Scherk-Schwarz reduction. In section 3, we point
out that it is possible to perform this dimensional reduction in backgrounds admitting
a homothetic Killing vector. Section 4 comments on a specal kind of such backgrounds,
namely Ricci-flat cones. Section 5 shows how we can extend this method to find back-
grounds which preserve some fraction of supersymmetry and the final section 6 contains
our conclusions.
2 Reduction Ansatz
In this section, we will find the equations of motion and the supersymmetry rules by
performing generalized Scherk-Schwarz reduction of the eleven dimensional supergravity
theory.
In regular Kaluza-Klein truncation on a circle, spacetime admits a u(1) action generated
by a Killing vector. Because all fields have to be periodic2 on this circle, one can do a
Fourier expansion of all fields. Dimensional reduction then boils down to retain only the
2Possibly modulo Z2 for fermionic fields.
1
zero modes. In that case, the remaining theory effectively does not depend on the extra
dimension any more.
If the theory admits a global symmetry, it is sometimes possible to give the fields a very
specific dependence on the circular coordinate, in such a way that the lower dimensional
theory neither depends on the extra dimension. To be more concrete, when one is moving
in the extra dimension, the fields undergo a symmetry transformation. This is called
generalized Scherk-Schwarz reduction.
The equations of motion of eleven dimensional supergravity [14] admit a rigid scaling
symmetry
eµ
a → λeµa , Aµνκ → λ3Aµνκ , ψµ → λ 12ψµ , (1)
and it can be used to construct a massive IIA supergravity [10].
2.1 Bosonic Fields
Our conventions are explained in Appendix A. The Ansatz for the Vielbein is taken to be
to be
eˆn
A = emz
(
e
1
12
φeµ
a e−
2
3
φAµ
0 e−
2
3
φ
)
eˆA
n = e−mz
(
e−
1
12
φea
µ −e− 112φAa
0 e
2
3
φ
)
, (2)
while the three form must depend on z in the following way
Aˆ3 = e
3mz(A3 + A2 ∧ dz) . (3)
With this three form, we define the ten dimensional field strengths to be
F2 = dA1 ,
F3 = dA2 − 3mA3 ,
F4 = dA3 − dA2 ∧ A1 + 3mA3 ∧ A1 . (4)
2.2 Fermionic Fields
The Ansatz for the gravitino is taken in such a way that the supersymmetry of the lower
dimensional Vielbein has the usual form
δeµ
a = ǫ¯γaψµ . (5)
Taking into account the scaling property (1) together with the fact that we are reducing
on flat indices, we take
ψˆa = e
−
1
24
φ− 1
2
mz(ψa − 18γaλ) , ψˆi = e−
1
24
φ− 1
2
mzγ11λ , (6)
while the parameter for supersymmetry has to satisfy
ǫˆ = e
1
24
φ+ 1
2
mzǫ . (7)
Using this Ansatze, we can derive the equations of motion and the supersymmetry trans-
formation rules, which are given in the Appendix B. Note that all ten dimensional fields
now only depend on the ten coordinates xµ.
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3 Homothetic Killing Vectors
In this paper, we will consider purely gravitational (bosonic) solutions of M theory. As
a consequence of the equations of motion, these solutions are Ricci-flat. If the metric
admits a homothetic Killing vector k, there will exist a coordinate system in which it will
satisfy the reduction Ansatz. This can easily be seen by choosing coordinates adapted to
k (k = ∂z), as the Lie derivative then reduces to
Lkgˆmn = kp∂pgˆmn = 2mgˆmn , (8)
which is solved by
gˆ = e2mzhˆ(x) . (9)
As the Ansatz for the Vielbein (2) implies that the metric reads
gˆ = e2mz
(
e
1
6
φgµνdx
µdxν + e−
4
3
φ(dz + Aµdx
µ)2
)
, (10)
the eleven dimensional metric (9) written in the coordinates adapted to k will yield a
solution of the massive ten dimensional theory.
If this classical M theory field configuration moreover preserves N supersymmetries, it
will admit N parallel spinors ǫˆ. Looking at the Ansatz (7) for the parameters of super-
symmetry, we see that parallel spinors satisfying the Ansatz are solutions of
∂z ǫˆ =
m
2
ǫˆ . (11)
Written in a coordinate invariant way, we find that the dimenionally reduced solution will
preserve as many supersymmetries as there are eleven dimensional spinors satisfying
Lk ǫˆ = km∇mǫˆ+ 14∂mknΓmnǫˆ = m2 ǫˆ . (12)
This condition can even be simplified to
∂mknΓ
mnǫˆ = 2mǫˆ , (13)
as the spinors are parallel.
If we would also consider solutions with a three form differing from zero, it would satisfy
the Ansatz if
LkAˆ3 = 3mAˆ3 . (14)
In conclusion, a gravitational solution of classical M theory yields a solution of the mas-
sive theory if it admits a homothetic Killing vector. The number of preserved supersym-
metries of the ten dimensional field configuration equals the number of eleven dimensional
parallel spinors satisfying (13).
3
4 Ricci-flat Cones
To clarify the previous discussion, we will now perform a generelaized Scherk-Schwarz
reduction of eleven dimensional cones on their Euler vector, yielding non-supersymmetric
solutions if the massive IIA theory.
If a manifold admits a homothetic Killing vector k which is hypersurface orthogonal,
i.e. there exist a function f such that
kµ = ∂µf , (15)
then there is a set of coordinates in which the metric can be written as a cone [15]. The
vectorfield k is then called the Euler vector.
We now start our construction by taking a solution of eleven dimensional supergravity
which is 11− d dimensional Minkowski space times a d dimensional Ricci-flat Riemannian
cone and write Minkowski space as a cone over de Sitter space.
gˆ = dR2 +R2ds2dS + dr
2 + r2ds2d−1 . (16)
Now, k = R∂R + r∂r is a homothetic Killing vector which is hypersurface orthogonal. If
we change coordinates to
r = ez cos ρ , R = ez sin ρ , ρ ∈ [−pi
2
,+pi
2
] , (17)
the homothetic Killing vector becomes k = ∂z and the metric reads
gˆ = e2z
(
dz2 + dρ2 + sin2 ρds2dS + cos
2 ρds2d−1
)
. (18)
From the reduction Ansatz (10), we can directly read of that
g = dρ2 + sin2 ρds2dS + cos
2 ρds2d−1 , m = 1 , (19)
and all other fields zero, is a solution of the massive supergravity. We can find solutions
for any value of the mass parameter by reducing on mk.
A large set of Ricci-flat Riemannian cones are cones of special holonomy [16]. In this
reference, a lot of examples can also be found.
5 Supersymmetric Reductions
In this section, we will list solutions of the massive theory which are reductions of special
holonomy cones (supplied with some extra flat directions) and which preserve some fraction
of supersymmetry. The vector field we will use to perform the dimensional reduction will
now be the Euler vector from the previous section plus a boost in the flat directions.
Therefore, the vector field will not be hypersurface orthogonal anymore and we will be
able to preserve supersymmetry during the reduction process.
4
5.1 Reduction of Flat Space
We will start with the easiest case of the supersymmetric reduction of Minkowski space,
where the ten dimensional solution will preserve half of the supersymmetries. Flat space
admits a homothetic hypersurface orthogonal Killing vector K which can be written in
natural coordinates as
K = xm∂m , LKηmn = 2ηmn , (20)
implying that Minkowski space is a cone over de Sitter space and K is the Euler vector.
Noting that all so(1, 10) rotations induce Killing vectors l of Minkowski space, the vector
field k = K+l still is homothetic, but not hypersurface orthogonal anymore. The important
observation to be able to construct supersymmetric solutions is that we can choose l such
that
Lkǫˆ = Llǫˆ = 12 ǫˆ , (21)
for some parallel spinors ǫˆ of eleven dimensional Minkowski space. The spinors satisfying
this condition reduce to supersymmetries of the ten dimensional solution.
We can write the Killing vector l as
l = Bm
nxm∂n . (22)
In that case, the condition for supersymmetry (13) reads
/Bǫˆ = 2ǫˆ , /B = Bm
nηnpΓ
mp . (23)
As the spinors have to have real eigenvalues of /B, l has to be a boost, and it is always
possible to take it in the (x0, x1) plane. Because Γ01 squares to one and is traceless, half
of its eigenvalues are 1, and the other half are −1. Therefore, we take l to be
l = x1∂0 + x
0∂1 . (24)
As a consequence, the homothetic Killing vector we want to reduce on, reads
k = (x0 + x1)∂0 + (x
0 + x1)∂1 + x
a∂a = (x
0 + x1)∂0 + (x
0 + x1)∂1 + r∂r , (25)
where r =
√
xaxa and a = 2, . . . , 10. Firstly, we write the flat metric as
gˆ = −(dx0)2 + (dx1)2 +
(
dr2 + r2dΩ28
)
, (26)
where dΩ28 is the natural metric on the 8-sphere. We can now choose new coordinates
3
which are adapted to the vector field k = ∂z.
x0 = 1
2
y2
(
e2z + e−2y1
)
,
x1 = 1
2
y2
(
e2z − e−2y1) ,
r = ez−y1 . (27)
3The Jacobian for this coordinate transformation becomes singular for y2 = 0.
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In these new coordinates, the eleven dimensional metric reads
gˆ = e2(z−y1)
(
(dz − (1− 2y22)dy1 − y2dy2)2
+4y22(1− y22)dy21 − (1 + y22)dy22 + 4y32dy1dy2 + dΩ28
)
. (28)
From the reduction Ansatz (10), we can read of the ten dimensional field configuration.
The ten dimensional solution is (m = 1)
g = e−
9
4
y1
(
4y22(1− y22)dy21 − (1 + y22)dy22 + 4y32dy1dy2 + dΩ28
)
,
Ay1 = −(1− 2y22) , Ay2 = −y2 ,
φ = 3
2
y1 . (29)
This solution preserves 1/2 of the supersymmetry.
5.2 Reductions on Special Holonomy Cones
To find solutions with less supersymmetry, we will start from an eleven dimensional con-
figuration which is the product of a Riemannian simply connected special holonomy man-
ifold and flat Minkowski space. Firstly, we briefly comment on these eleven dimensional
solutions, and secondly we find the appropriate homothetic Killing vector to perform a
supersymmetric reduction.
5.2.1 Parallel Spinors
If we use Ricci-flat manifolds as (purely gravitational) solutions of classical M theory, the
condition for them to preserve some supersymmetry is that the supersymmetry variation
of the gravitino is zero.
δψˆm = ∇mǫˆ = 0 . (30)
If the solution is the product of flat space and a special holonomy manifold, the parallel
spinors are products of solutions of (30) on both spaces. Counting these gives the number
of preserved supersymmetries.
Dimension Manifold Holonomy Parallel Spinors
4n Calabi-Yau su(2n) (2, 0)
4n+ 2 Calabi-Yau su(2n+ 1) (1, 1)
4n Hyperka¨hler sp(2n) (n+ 1, 0)
7 Exceptional G2 1
8 Exceptional spin(7) (1, 0)
6
5.2.2 Solutions
The eleven dimensional solution we start with reads
gˆ = −(dx0)2 + (dx1)2 + dr21 + r21dΩ2n−2 + dr22 + r22ds29−n , (31)
where the last two terms are the metric on the 10− n dimensional special holonomy cone.
We first perform a coordinate transformation
r1 = r cosα , r2 = r sinα ; α ∈ [0, pi2 ] , n > 2 | α ∈ [−pi2 , pi2 ] , n = 2 . (32)
The metric in these new coordinates now reads
gˆ = −(dx0)2 + (dx1)2 + dr2 + r2
(
dα2 + cos2 αdΩ2n−2 + sin
2 αds29−n
)
, (33)
while the homothetic Killing vector we will use for the reduction reads
k = (x0 + x1)∂0 + (x
0 + x1)∂1 + r∂r . (34)
Comparing with (28), we see that we only have to substitute the metric on the 8-sphere
by
dΩ28 → dα2 + cos2 αdΩ2n−2 + sin2 αds29−n . (35)
The number of preserved supersymmetries is now half of the number preserved by the
eleven dimensional solution. We list this number N in the following table together with
the dimension of the special holonomy cone. Of course, it is always possible to consider
products of different manifolds.
Dimension Manifold N
8 Spin(7) 1
8 CY4 2
8 HK2 3
7 G2 2
6 CY3 4
4 CY2 = HK1 8
6 Conclusions
In this paper, we have constructed several sets of solutions of the massive supergravity
first built by Howe, Lambert and West. In the first part of the paper, we have found non-
supersymmetric solutions by reducing on the radial direction of cones. In the second part
of this paper, we have built supersymmetric solutions by using cones of special holonomy
and by reducing on a homothetic Killing vector which is the sum of a scale transformation
and a boost.
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A Conventions
The field content of eleven dimensional supergravity is a Vielbein eˆAm (metric gˆ), a three
form Aˆ3 and a gravitino ψˆm. Eleven dimensional curved indices are denoted by m,n, . . .,
while flat labels are A,B, . . .. The parameter for supersymmetries are 32Majorana spinors
ǫˆ. The direction along which the dimensional reduction is performed is denoted by z for
a curved and i for a flat direction. The metric is taken to be mostly plus and a covariant
derivative on a spinor is
∇mǫˆ = ∂mǫˆ+ 14 /ωmǫˆ = ∂mǫˆ+ 14ωmabγabǫˆ . (36)
Eleven dimensional gamma matrices are Γm and they satisfy
{Γm,Γn} = 2gmn. (37)
Ten dimensional curved indices are µ, ν, . . . while flat labels are a, b, . . .. Ten dimensional
gamma matrices are γµ. Covariant derivatives are written as Dµ.
Brackets (mn) denote symmetrization in m,n with unit weight while [m,n] means anti-
symmetrisation.
B Equations of Motion and Supersymmetry
B.1 Equations of Motion
If we substitute the Ansatz in the eleven dimensional equations of motion, we find that
all z-dependence disappears. The equations of motion for the bosonic fields then become
[10, 9]
φ = −3
8
e−
3
2
φ F 22 +
1
12
eφ F 23 − 196e−
1
2
φ F 24 +
27
2
m2AµA
µ + 9mAµ∂µφ− 32mDµAµ
Rµν − 12Rgµν = 12(∂µφ ∂νφ− 12(∂φ)2 gµν) + 12e−
3
2
φ (Fµρ Fν
ρ − 1
4
F 22 gµν)
+1
4
eφ (Fµρσ Fν
ρσ − 1
6
F 23 gµν) +
1
12
e−
1
2
φ (Fµρσλ Fν
ρσλ − 1
8
F 24 gµν)
−9m2 (AµAν + 4AρAρ gµν)− 36m2 e
3
2
φ gµν
8
−9
2
m (DµAν +DνAµ − 2DρAρ gµν)
+3
4
m (Aµ∂νφ+ Aν∂µφ− Aρ∂ρφ gµν)
Dν(e
−
3
2
φ Fµ
ν) = 12m∂µφ+ 18m
2Aµ + 9me
−
3
2
φAν Fµν − 16e−
1
2
φ FµνρσF
νρσ
Dσ(e−
1
2
φFµνρσ) = −6meφ Fµνρ + 6me−
1
2
φAσFµνρσ − 1144ǫµνρσ1...σ7 F σ1...σ4 F σ5σ6σ7
Dσ(eφFµνσ) = 6me
φAσ Fµνσ +
1
2
e−
1
2
φ Fµνσρ F
σρ + 1
1152
ǫµνρ1...ρ8 F
ρ1...ρ4F ρ5...ρ8
(38)
Note that these equations of motion cannot be derived from an action.
B.2 Supersymmetry
If we use the Ansatz to deduce the supersymmetry transformation rules, we find [13]
δλ = 1
2
me
3
4
φγ11ǫ− 18e−
3
4
φ /F 2γ11ǫ− 13 /Dφǫ− 1144e−
1
4
φ /F 4ǫ+
1
18
e
1
2
φ /F 3γ11ǫ
δψa = Daǫ+
9
16
me
3
4
φγaγ11ǫ−m 916γa /A1ǫ− 164e−
3
4
φ(a /F 2 − 14/F (2)a)γ11ǫ
+ 1
48
e
1
2
φ(9/F (3)a − a /F 3)γ11ǫ+ 1128e−
1
4
φ(20
3
/F (4)a − a /F 4)ǫ (39)
with
Daφ = ∂aφ+
3
2
mAa (40)
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